ABSTRACT. We describe a statistical sampling approach to characterizing and comparing map projection distortion within irregular areas. Statistical measures of distortion, coupled with traditional distortion isoline maps, give a clear picture of map projection distortion for irregularly shaped areas, like the United States or portions of it. We calculate cumulative distribution functions and several descriptive statistics from the distortion measures. In our example, we compare two common projections, the Lambert azimuthal equal area and the Albers conic equal area. over the conterminous United States and over two subregions. In addition to scale and angle distortion, we develop a new measure of shape distortion. Our analyses show that the Lambert projection has lower mean and median shape distortion when compared over the conterminous U.S., whereas the Albers projection has a lower maximum distortion and distortion variance for all three distortion measures. The cumulative distribution functions are substantially different and show that the Lambert projection has lower distortion values for approximately 80% of the sample points. We also compare a large unrestricted random sample with a systematic random sample. The sample size is large enough that the unrestricted and systematic samples give virtually identical results.
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KEYWORDS: map projection distortion. statistical sampling, Monte Carlo integration C artographers often must select the optimal map projection for large irregular areas, such as nations or continents. based upon specific design criteria that relate to map projection distortion. In a recent example, White et al. (1992) selected a map projection for the truncated icosahedron global surface tessellation that forms the geometrical framework for an environmental monitoring program. The monitoring program required an equal area map projection surface for the 20 spherical hexagons and 12 spherical pentagons comprising the tessellation, upon each of which a regular sampling grid could be positioned randomly. The sampling criteria dictated the selection of an equal-area map projection for the hexagon and pentagon faces, with the provision that map projection distortion not be excessive within the portion of the hexagon containing the conterminous United States.
Young's Rule (as described in Maling 1973, 165) guides the selection of the equal area projection for the regular spherical hexagons and pentagons of the truncated icosahedron tessellation. The rule is that an area of the earth approximately circular in outline is best represented by one of the azimuthal projections, whereas asymmetrical or elongated areas are better mapped using conic or cylindrical projections. By this rule, the Lambert projection would be chosen for the truncated icosahedron hexagon and pentagon faces. (When placing a grid across adjacent faces, however, the recent projection developed by Snyder 1992 may be preferable). But is this projection adequate for the 48 continental United States that fit into one hexagon? To answer this question, 'and to address the more general question of comparing the distortion characteristics of different projections for an irregular portion of the earth, we must consider how to compute and compare distortion measures for irregularly shaped areas.
Isoline maps of these measures allow one to easily see the spatial pattern of distortion across the area as well as the position of the point or line(s) of zero distortion, but they do not necessarily give a good picture of the average distortion or the distortion extremes within an irregular area.
A second method comes from the mathematical theory of minimum-error map projections. The basic idea, developed by Airy and Clarke in the nineteenth century, is that "the sums of squares of scale errors integrated throughout the area of the map should have minimum value" (Maling 1973, 172 ). An alternative statement of this criterion is that the average squared scale error for the selected projection should be less than the average for any alternative projection. This is, of course, an application of the method of least squares described by Gauss in 1795. One could also require that the average squared scale error over a specific part of the surface area be minimized. For areas bounded by parallels, this requirement could be studied by using Maling's graphs (1973, 169-71) , plotting magnitudes of distortion measures against angular distance from the point or line(s) of tangency for various projections. However, a more complex numerical integration method is required when analyzing irregular areas such as the conterminous United States.
The best-known attempts at using numerical integration methods to assess and minimize average scale distortion are found in the work of Tsinger in 1916 and Kavrayskiy in 1934 (Snyder 1987, 99) . Their efforts were directed toward selecting optimal standard parallels for the Albers equal area conic projection. They found standard parallels that minimized scale distortions for the land area being mapped, accomplishing this by weighting narrow latitude bands according to the amount of land area contained in each. This approach works well for the Albers and other projections, where lines of equal distortion follow parallels.
A simple modification provides an equivalent analysis for the Lambert projection. Since distortion is equal at all points equidistant from the projection center, numerical integration is accomplished by weighting each radial band by the land area contained. This illustrates the problemspecific structure that is required by numerical integration. The two projections being compared require different structures. Robinson (1951) extended earlier work by Behrmann in which isolines of maximum angular deformation were used to delineate polygons of "constant" distortion. The areas of these polygons were measured by planimeter and used to 206 compute mean values. Robinson applied this technique to arbitrary areas of interest-in his case a generalized representation of land masses over the earth-by computing the land areas for 5°latitude bands and then calculating maximum angular and area distortion values for different projections in these bands. The maximum values were then averaged as in the procedure used by Behrmann.
More recently, Dyer and Snyder (1989) used a small set of points arrayed on a 2°graticule over an area of interest to compute a minimum-error equal area projection. They minimized the distortion of the Tissot Indicatrix using iterated least squares analysis on equal area preserving transformations of plane coordinates of an initial equal area projection. Snyder (1994) describes experiments using the least squares criterion on graticule cells weighted by surface area on the sphere.
Monte Carlo integration (Hammersly and Handscomb 1964) also can provide this assessment. Unlike the methods of Dyer and Snyder, Monte Carlo integration does not have to be tailored to the method of projection, which makes comparisons easier. Tobler (1964) first proposed random simulation of distortion properties. This was partly in response to the newly developed digital computer, which made it possible to compute angular and areal distortion from a statistically valid number of randomly placed spherical and plane triangles. The method was not rigorously evaluated from the statistical viewpoint, however, and the rest of this paper is devoted to demonstrating that statistical simulation of numerical integration provides similar analyses without tedious attention to the patterns of distortion or to regional boundaries. Monte Carlo integration will be demonstrated for the conterminous United States using the Lambert azimuthal equal area projection and the Albers conic equal area projection. We choose the Lambert projection because of its suitability for a hexagonal area of interest and want to compare it to the commonly used Albers projection on irregular subsets of that area. (Muehrcke 1986; Maling 1989) . The dot planimeter is perhaps the best-known sampling device for this purpose. A regular or (systematic) random array of dots on clear film is placed over the irregular map area and the dots falling within the area are tallied and multiplied by the unit area value of a dot in order to estimate the total surface area. If the elevation or any other value at each point can be determined, the average surface height or volume can be estimated easily. The average scale distortion for the portion of a truncated icosahedron hexagonal face containing the conterminous United States could be determined with a dot planimeter, but the determination of distortion at each point would be tedious. A digitally created dot array is superior, allowing determination of distortion from the explicit point location.
Dot planimeters compute surface area by simulation of numerical integration of finite areas through systematic or random sampling. As with any sampling effort, the design features to be determined prior to application include the geometrical arrangement of sample points, the number or density of points, the nature or specification of the surface to be analyzed, and the descriptive parameters that will be used to characterize the surface.
Numerical Integration and the Statistical Perspective
Systematic grids with points arranged as vertices of squares are commonly used in numerical integration. More complex patterns of points are sometimes used for higher order surfaces. A common example is provided by the Newton-Cotes formulas for polynomials (Press et al. 1988) . For any complex region or surface, the patterns and formulas can be kept more simple if the number of sample points is increased. A particular sampling pattern and numerical integration formula may give exact integrals for certain surfaces, but inexact integrals for higher order surfaces. Irregular regions pose another source of error due to the irregular boundary effects. We focus here on regular grids of high density applied to irregular regions in two dimensions; the edge-effect error is reduced by density, but is not easily eliminated.
The statistical perspective provides another way of treating this error. We introduce a random sampling element into the process, providing a different set of sample points for each realization of the "numerical integration" process. As a consequence, the error also varies among Vol. 22, No.3 realizations, and statistical assessment of precision then follows the familiar statements of bias, variance, and confidence bounds. If the average error over all realizations is zero, then bias is zero, and the average squared error of an unbiased estimator is its variance. Appropriately applied randomization has the capacity for eliminating the bias, or reducing it to a negligible level, regardless of the order of the surface, and standards of precision can be met by appropriate choice of sample size. The simplest sampling design is an unrestricted random sample (URS) of points; when used for integration, this design historically has been referred to as Monte Carlo integration (Hammersly and Handscomb 1964; Press et al. 1988) . The properties of such a sample are provided by the theory of independent random variables, which is the basis for much of statistics (refer to any elementary text in mathematical statistics or methods such as that presented in, for example, Snedecor and Cochran 1980) . The random variable is the value of the response at a randomly located point. Two independent random points give two independent values of the random variable, and so on. The expected value of this random variable is the mean value of the response over the region, as determined by exact integration, so that the mean of the sample of response values is an unbiased estimator of the true mean, and, by implication, the sample analysis is a form of numerical integration.
It is in the representation of the cumulative distribution function (CDF) of the random variable that the URS most satisfyingly fulfills the concept of Monte Carlo integration. Designate the region of the United States in which the distortion measure is equal to or less than a particular value. Then the number of sample points that fall in this region provides a Monte Carlo estimate of the area of the region, but without delineating it. The empirical CDF is the representation of this estimated integral for all observed values of the distortion measure, scaled by the total area of the United States, itself estimated by the total number of points falling in the United States. The empirical CDF is the comprehensive statistic summarizing the data.
A systematic sample behaves similarly (Moran 1950) . This form, with regularly spaced and equally weighted observations, is favored for simple numerical integration designs when sample size is not limiting, but requires special treatment at the edges of the region of integration (see, for example, Yates 1949) . Random placement of the grid of points effectively simulates these edge adjustments, with the result that the systematic Distortion Parameters on Tissot's Indicatrix mean is nearly unbiased for the true mean as determined by exact integration; this bias diminishes as the grid density increases. The theory of systematic sampling comes from a subset of statistical theory called sampling theory. It is generally recognized that systematic sampling is more precise for a given sample size than unrestricted random sampling when the surface is well behaved, as in the current application. However, it is sometimes difficult to document the gain in precision from analysis of a sample. Systematic sampling with a square grid is a common design; a triangular grid will give slightly greater precision (Matern 1986 ).
Sample size is an important consideration in field sampling, but it is not an issue in the present application because little additional cost is incurred even by doubling the sample size. We want a sample size such that a major increase will produce an unimportant change in the results. That is, the sample size we will use for Monte Carlo analysis will be sufficiently large that we can consider the results as having been obtained by integration. Note too that sample size flexibility of the URS over a regular systematic grid is an additional advantage in the present context. The regular triangular grid can expand by no less than a factor of three if the randomization is performed at the original density (White et al. 1992 ). On the other hand, the URS can be expanded by the addition of another independent DRS of whatever size.
The systematic sampling grid for the conterminous United States described in White et al. (1992) will be used to illustrate the application of a systematic sample to the assessment of map 208 projection distortion. This sampling density was chosen for specific purposes, but we use it as an example in order to compare the results at this density to those obtained from Monte Carlo integration. We also apply this assessment method to portions of the United States; small subregions will have smaller samples, and the precision of characterization of distortion may become a factor when addressing smaller areas.
Distortion Measures
The distortion measures selected to characterize a map projection should be well suited to describing patterns of distortion for a single projection, as well as for comparing distortion on several projections. We are interested, here, in equal area projections, therefore we need measures that indicate scale distortion, angular deformation, and total shape distortion at a point. For scale distortion we may use a or b (or h or k), and for angular distortion OJ (see Appendix 1). But we are also interested in a measure of total shape distortion that combines the distortion in the two orthogonal directions represented by a and b (or hand k). For this shape distortion, two possibilities are [(l ... 
, both fundamental quantities used in the formulation of minimum error map projections (Maling 1973 ). More desirable is a normalized measure, having a value of 0.0 at the point of tangency or along the line or lines of tangency (standard parallels), and values greater than 0.0 elsewhere. The measure Ja 2 +b 2 -12, the normalized magnitude of a vector formed by the lengths of the orthogonal a and b axes in the Tissot Indicatrix, has this property for equal area projections. In this paper we use
as the distortion measure and call it the "shape" distortion. We use hand k rather than a and b since 8' = 90°for normal aspect azimuthal, conic, and cylindrical equal area projections, so that a = k or a = h, and b = h or b = k, respectively. (In this paper we use an oblique case of the Lambert azimuthal projection, therefore our k for that projection is in fact k', the scale factor in a direction perpendicular to the radius from the center, see Snyder 1987, 185) . For the purposes of our investigations we will use for scale distortion Ik-I L which has a value of 0.0 at the points of 
Statistical Representation
The random variable defined by the chosen measure of shape distortion at a randomly selected point in the study region is completely characterized by its CDF. This function characterizes the proportion of the study region in which distortion is less than a particular value. Quantiles are read directly from the CDF; the median, the 10th percentile, and quartiles are all examples of parameters that are simply read. The mean and standard deviation are also determined by the distribution function, but cannot be determined easily or precisely from the plot. It is common to supplement the plot by reporting a few parameters that have particular interest. The CDF is also known in cartography as a cumulative frequency curve.
Comparison of the sample distribution function to the CDF of known theoretical distributions Vol. 22, No.3 may also be of interest, although more for the underlying form of distortion patterns than in the integral over the irregular region. Further, certain statistical distributions, like the normal, are of no comparative interest; for the measure we have chosen, distortion is bounded below by zero, whereas the normal is centered at the mean and symmetric to ± 00. One might compare the distortion distribution to a gamma CDF, but this would be meaningful only if a particular gamma distribution were implied by some feature or hypothesis.
Comparison of two distribution functions is straightforward, particularly in our context where we have a sufficiently large sample size. We can describe differences between projections by reference to particular features of the CDFs, without resorting to statistical tests. It may also be of interest to compare parameters, such as means and standard deviations, and again the issue of statistical significance does not arise. Any difference that might conceivably be considered of practical interest will be statistically significant. We demonstrate this in the analysis section below. This statistical description, coupled with traditional distortion isoline maps, gives a very clear picture of the geographic distribution of distortion over an irregular area, such as the conterminous United States, or some portion thereof.
11,995 Systematic Sample Points

Distortion Analysis Experiments
Sample Points
We created a set of 25,000 randomly positioned sample points within the conterminous United States. We created this set by generating over 50,000 pairs of random numbers, which were scaled to the coordinate space of a cylindrical equal area projection of a bounding quadrilateral for the United States (25°_50 o N, 65°-125"W). We then clipped these points to the boundary of the conterminous United States. An unrestricted (independent) random sample of 25,000 points found by this protocol formed the sample ( Figure  2 ). Finally we converted each point from map projection to geographic (latitude, longitude) coordinates using the inverse cylindrical equal area projection equations for the sphere.
We obtained systematic sample points from the equilateral triangular point sample (with 210 approximately 27-km spacing between points) described in White et at. (1992) . We also clipped these to the United States boundary, obtaining 11,995 points ( Figure 3 ). For the purpose of comparing the random and systematic samples, we also used the first 11,995 points of the random sample. For subsets in New England and Nebraska we clipped the random and systematic samples to the boundaries of these areas. New England is defined as the states of Maine, New Hampshire, Vermont, Massachusetts, Rhode Island, and Connecticut.
Analysis
We conducted a series of experiments. First we analyzed the distortion functions of the two projections on that portion of their domains sufficient to cover the conterminous United States. This reveals the behavior of these functions along transects of maximum variation. Then we did three sets of sampling experiments. These comprise three geographical domains, two different sampling designs, and six statistics for each of In our analysis, we used the Lambert azimuthal equal area projection centered at 41°45'N, 97°45'W (in northeastern Nebraska). We selected this center position by visual inspection to cover the area of interest as described in White et a1. (1992) . We used the standard parameters for the Albers conic equal area projection as it is positioned for the conterminous United States with standard parallels at 29°30'N and 45°30'N ( Figure   4 ). First, we describe the distortion patterns of the two projections across the steepest gradients of distortion values. For the Lambert projection, this gradient is along a radius from the projection center and, for the Albers, it is along a meridian.
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In Figure 5 we graph the three distortion measures for the Lambert projection as a function of the angle of arc from the center of the projection. We computed the Lambert distortion measures for each 0.1 degree of arc for 26 degrees from the center, a distance sufficient to cover the conterminous United States from our selected center. In Figure 6 we graph the same distortion measures for the Albers projection distortion as a function of latitude. We computed the Albers distortion measures for each 0.05 degree of latitude between latitudes 24 and 50, spanning the area of interest.
All distortion functions for the Lambert projection increase with distance from the center. The Albers distortion functions, however, show bimodal minima at the standard parallels with a local maximum between them. Note that the Albers functions are only approximately, not precisely, symmetric about a midpoint. Distortion functions of a secant cylindrical projection could be expected to be symmetric. For both projections, the shape distortion functions increase less sharply than the scale or angular distortion functions, but exhibit the same qualitative behavior.
In Figures 7 and 8 we show the CDFs for each distortion measure for the Lambert and Albers projections, respectively. The Lambert CDFs display the smooth cumulative behavior that would be expected from the shape of the distortion functions in Figure 5 . The Albers CDFs, however, have a sharp break at a sample proportion of about 0.9. These breaks occur at distortion values equal to the local maxima between the standard parallels and help to describe the optimal distortion performance in the area immediately surrounding and between the standard parallels, and the marked increase in distortion in latitudes north and south of this optimal area. This behavior in the Albers CDFs is also apparent in our samples over the entire conterminous U.S. (see Figures 11 and 12) . We then computed the distortion measures over the conterminous U.S. Figures 9 and 10 graph the distortion statistics for the 25,OOO-point URS for both projections for scale and shape distortion, respectively. (Since scale and angular distortion behave nearly identically, we omit discussion of angular distortion henceforward.) The results reveal a significant difference in distortion behavior between the two projections: while the Albers projection has lower maximum distortion CDF for Scale Distortion CDF for Scale Distortion values and lower variances, the Lambert has lower means and medians. This suggests that for some purposes, such as minimizing mean distortion, the Lambert performs better (even though it may not be optimally centered for this purpose).
In Figures 11 and 12 we show the sample CDFs for scale and shape distortion, respectively. On these graphs we show both the Lambert and Albers graphs simultaneously since they are both derived from the same sample and thus we can compare them directly. For both distortion measures the Lambert projection has lower distortion values over about 80% of the sample points. This demonstrates how the CDF, in addition to the statistics of central tendency and dispersion, is another important statistic for comparing projection performance, and how in this case the Lambert performs better than the Albers over a large portion of the area of interest. 
Random vs. Systematic Sampling
We can analyze the effects of random vs. systematic sampling by holding constant all parameters except the sampling method. For this experiment, we compared the 11,995-point systematic sample with the first 11,995 points of the 25,000-point URS. In Figures 13 and 14 we present the sample CDFs for scale and shape distortion, respectively, for the systematic samples. There is no discernible difference when we overlay these graphs with those in Figures 11 and 12 . The CDFs for the 11,995-point random samples are likewise essentially identical and we do not display them here.
These statistics support the contention that random and systematic samples produce virtually indistinguishable results for samples the size of our experiments over the United States. They further support the assertion that the sample size (25,000) used in these analyses is sufficiently large that apparent differences between the distortion measures of the respective projections can be considered real. Maximum distortion is the only statistic for which we do not necessarily obtain a good estimate. There are only a few places in the U.S. where the distortion measures approach their maximum values, and the number of sample points falling in those places will be small. This is the kind of error that one must anticipate in Monte Carlo integration. To determine maximum distortion, one should not take a random sample of points but rather identifY it at the points for which it is calculated to be maximum. Therefore, we determined the maximum scale distortion for each projection by calculating the values for each point on the boundary of the conterminous U.S.; the points with maximum value for each projection are shown in Figure 15 . Even though we have demonstrated the virtual identity in performance of the two sampling designs for so large a sample, this does not prove the general properties of the sampling methods but merely provides a confirmatory example. In CDFsfor Shape Distortion on the 11,995-Point Systematic Sample over the U.S. the case of DRS, conventional sampling theory can provide stronger evidence in the form of a basic relation between precision and sample size (n); that is, precision varies as jn. From this, we can strongly assert the level of precision of specific descriptive estimates. For example, 95% confidence bounds on the population mean are given by 1.96 s, where s is the sample standard ,fit deviation as reported in Appendix 2.
For example, we compute the half width of the confidence bound on the true mean shape distortion over the United States, for the Lambert projection and our URS of 25,000 points, to be 0.1008·1O-S, which is about 1.6% of the estimated mean distortion of 0.624·10-4. Expressed in another way, we are confident that the true mean is between 0.614·10-4 and 0.634·10-4. Similarly, we are confident from the URS of size 1l,995 that the true mean shape distortion is between 0.610·10-4 and 0.639·10-4, based on a half width of 0.1455.10-5
• Analysis for the Albers shape distortion on the 25,000-point DRS gives a confidence bound half width of 0.6010·10-6, with corresponding confidence bounds between 0.743·10-4 and 0.755·10-4.
Earlier, we contended that an estimate close enough to require a test of significance would be of no interest. We have taken this position because there is very little cost involved in taking additional observations, so that we can determine the minimum sample size required for a desired accuracy and then make the sample considerably larger than that. There is no theoretical basis on which to make similar statistical assessments for the systematic design. Reasonable confidence bounds can be generated, but the calculations cannot be extended to larger or smaller samples on a theoretical basis. Furthermore, the statistics provided here are inadequate to produce confidence bounds. On the other hand, the appropriate confidence bound half width for the systematic sample will be bounded above by that computed for the URS, so the URS analysis can serve as a crude planning tool.
We note that the context of this application is different from many examples of statistical analysis because some traditional sampling concepts are no longer relevant, for example, sampling efficiency. A reasonable strategy for sampling the distortion measures is to estimate an adequate sample size and then double or triple it. There is little virtue in parsimony in this context because additional observations can be obtained at almost no cost. In contrast, a field sample will require a substantial investment in collecting and processing each datum, so that efficient sampling is imperative.
Subpopulations
One great advantage of the sampling approach to numerical integration, as we illustrate here, is a straightfOIward application to an analysis of any identified subpopulation. The process consists of simply identifying any subset of the region occupied by the population in such a manner that sample points can be classified as in or as not in this subset.
The subset of the sample can then be used to generate the distributional characteristics of the subpopu-!ation, as we now illustrate with two simple cases. The state of Nebraska and the New England region provide two such subpopulations. The subset of a DRS .contained in any such region is a conditional DRS for that region. Similarly, for a randomized systematic sample, the portion contained in any subregion is a randomized systematic sample of that subregion. The universality of the method, and the ease of application to a variety of objectives and subpopulations, make the method doubly attractive.
In Figures 16 and 17 we graph the scale and shape distortion statistics, respectively, for the systematic sample of New England. Since one of the standard parallels for the Albers projection crosses New England, the distortion for this projection is low; in contrast New England is at a great distance from the center of the Lambert projection and therefore the Lambert distortion is high. In Figures 18 and 19 we show the scale and shape distortion statistics, respectively, for the Nebraska systematic sample where the situation is reversed. In Figures 20, 21 , 22, and 23 we show the CDFs that correspond to the graphs in Figures 16, 17, 18 , and 19. The contrast between the two projections in these two areas is also evident in the CDFs. The full results of these experiments are in Appendix 2.
Conclusion
The statistical analysis of map projection distortion, as indicated by scale, angular, and total shape deformation for equal area projections, demonstrates that the Lambert azimuthal equal area projection is well suited for an irregular area with the shape of the conterminous United States. In particular, the Lambert projection has a smaller mean distortion than the Albers conic equal area, whereas the Albers projection has smaller mean squared distortion, as shown by the smaller standard deviation. Using the latter criterion, we would prefer the Albers projection. On the other hand, we might prefer the Lambert projection since approximately 80% of the conterminous U.S. has lower distortion with it. Our contention is that the statistical approach to map projection distortion comparison makes such distinctions possible.
We have shown statistical sampling of map projection distortion surfaces as a simulation of numerical integration to be satisfactory under both random and systematic sampling designs. Although systematic sampling is somewhat more precise than unrestricted random sampling for any specific sample size, the distinction is unimportant in this context. A simple increase in size of the URS will capture any difference in precision. For the analyses made in this paper, the URS is superior, since the estimator of the population standard deviation is unbiased and the theory of independent random samples can be used to make assessments that cannot be made for the systematic sample. For other analyses-for example, generating a map of the spatial patterns of distortion-a systematic sample would be supenor.
Whatever the objective of comparison of projections, the statistical approach to map projection distortion analysis provides a useful tool for understanding and comparing the nature of the 218 distortion or other spatially varying features over specific irregular regions. The URS is better suited to this purpose than the systematic sample of points, although, for samples as large as those used here for the U.S., there is little difference in the results from the two sampling designs.
important is the angle on the map projection, termed ()', formed by the intersection of the parallel and meridian, knowing that all parallels and meridians intersect at 90°angles on the globe.
In the 1850s, Tissot carried forth the work of Gauss in several ways, one of which has become known as Tissot's Theorem: "Whatever the system of projection there are at every point on one of the surfaces two directions perpendicular to one another and, if angles are not preserved, there are only two of them [perpendicular directions], such that the directions which correspond to them on the other surface also intersect one another at right angles" (Maling 1973 ). These orthogonal directions are termed the princiPal directions at a point.
Tissot's well-known indicatrix next comes into play. The idea behind the indicatrix is that "an infinitely small circle on the surface of the globe will be transformed on the plane into an infinitely small ellipse whose semi-axes lie along the two principal directions" (Maling 1973) . The lengths, a and b, of the semi-major and semi-minor axes of the ellipse indicate the maximum scale enlargement and reduction at the point on the projection relative to the globe. The amount of area distortion is given by the product a·b, which Gauss determined to be equal to h·k·sin ()'. On equal area projections, a·b = 1.0, whereas a = b on conformal and a or b = 1.0 on equidistant projections.
On many azimuthal, conic, and cylindrical projections (in normal aspect), fJ' = 90°, so that h ·k = a·b. Hence, for the equal area versions of these three projection types, h·k = 1.0, so that h = 11k. Another measure related to scale distortion is the maximum angular deformation, (1), which indicates the maximum deflection of any azimuth at a point on the globe when projected. The equation, (1) = 2·sin·I [(a-b) 
